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Abstract 

Commutator relations are used to investigate the spectra of Schrodinger 
Hamiltonians, H = —A + V (x) , acting on functions of a smooth, compact 
d-dimensional manifold M immersed in M"^, > d + 1. Here A denotes the 
Laplace-Beltrami operator, and the real-valued potential-energy function 
V{x) acts by multiplication. The manifold M may be complete or it may 
have a boundary, in which case Dirichlet boundary conditions are imposed. 

It is found that the mean curvature of a manifold poses tight constraints 
on the spectrum of H. Further, a special algebraic role is found to be played 
by a Schrodinger operator with potential proportional to the square of the 
mean curvature: 

Hg := -A + gh^, 



where v = d + 1, g is a real parameter, and 

d 



1 ' 



with {nj}, j — 1, . . . ,(i denoting the principal curvatures of M. For in- 
stance, by Theorem 13.11 and CoroUarv 14.41 each eigenvalue gap of an arbi- 
trary Schrodinger operator is bounded above by an expression using Hi/ 4^. 
The "isoperimetric" parts of these theorems state that these bounds are 
sharp for the fundamental eigenvalue gap and for infinitely many other 
eigenvalue gaps. 
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1 Introduction 



Eigenvalue gaps for Laplacians and Schrodinger Hamiltonians 



H = 



A + y(x) 



especially the fundamental gap 



r 



A2 — Ai 



are connected to the analytic and geometric details of H in many familiar 
ways, yet the most elementary connections between eigenvalue gaps and 
operators are algebraic, through calculations of commutators. Commutators 
and their relation to eigenvalue gaps and inverse spectral problems have been 
studied in ^ [21 El El El El E] > which partly inspired this work. Here H 
will be defined on a hypersurface, and commutators will be used to connect 
eigenvalue gaps and certain other functions defined on the spectrum (7{H) 
to the mean curvature of the manifold M, which is found to pose tight 
constraints on the spectrum. 

Furthermore, Schrodinger operators of specific kinds depending explicitly 
on curvature, 



defined on a d-dimensional submanifold W having principal curvatures k := 
{'^j}) J = 1) • • • ) arise in the mathematics of nanophysics and thin struc- 
tures. Coincidentally, simplifications are achieved when the potential energy 
is of this form. Low-lying eigenvalues, Ai < A2 < • • • , of (1.1) have been 
studied, and sharp estimates have been discovered relating to the geometry 
of M in ma EllHl El El Ej- For certain operators of the type (HH) with 
quadratic functions q, the estimates of the gap F in this article will likewise 
be sharp. 

Section 2 will be devoted to the fundamental eigenvalue gap in the one- 
dimensional situation, where M is a space curve. In Section 3, a similar 
analysis will be carried out when d > 1, while in Section 4 an alternative 
algebraic approach is used to extend these results to all eigenvalue gaps. 
The results of each section are both generalized and largely subsumed by 
the later sections, but as alternative, simpler methods are available for the 
simpler situations, it is felt useful to present multiple points of view. 

Notation 

(/, denotes the standard inner product on L^(M). 




(1.1) 
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[A, B] := AB — BA denotes the commutator of operators A and B 

t, n, and b are the moving trihedron of unit vectors for a space curve 
in M'^. The corresponding curvature and torsion are k and r. 

When the dimension d > 2, M wiU denote a compact, smooth, con- 
nected manifold of dimension d immersed in M'^+^, with principal cur- 
vatures {kj}, j = 1, . . . ,d. The corresponding normalized eigenvectors 

d 

of the shape operator will be denoted tj, and h := kj. 

i=i 

The notation n^, A^, A; = 1, . . . , will be used for the normalized eigen- 
functions and associated eigenvalues, in increasing order, of H, an op- 
erator on a Hilbert space Tl. When H is a Schrodinger Hamiltonian, 
it will be assumed without loss of generality that {u^} are real- valued, 
and that ui is nonnegative. 

Eigenvalue gaps are connected with commutators at a rather general 
level. Assume for now only that H and G are symmetric operators on 
a Hilbert space, that (7{H) contains discrete eigenvalues, and that certain 
products of operators are well-defined. (Assumptions are spelled out below 
in Lemma ll.ll l The most basic relationship of this kind is the elementary 
commutator gap formula, 

{uj, [H, G]uk) = {Xj - Afc) {uj,Guk) . (1.2) 

It turns out that not only the [H, G] but also higher-order commutators 
such as [G, [H, G]] are related to eigenvalue gaps for second-order differential 
operators. The basis for that analysis can be recapitulated as follows. 

For the first commutator of H with G, since [H,G]uk = {H — X^jGuk, 
it follows that 

Xkf Guk) , (1.3) 

X,){H -Xk)Guk). (1.4) 
For the second commutator, a similar short calculation shows that, formally, 

{uj I [G, [H, G]] Uk) = {Guj I i2H - Xj - Xk) Guk) . (1.5) 
In particular, 

{uj I [G, [H, G]] Uj) = 2 {Guj 1 {H - Xj) Guj) . (1.6) 



II G]ukf = (^Guk,{H 
and more generally 

{[H,G]uj,[H,G]uk) = {Guj,{H- 
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Lemma 1.1 Let H be a positive self-adjoint operator with discrete eigenval- 
ues Ai and X2- Let P denote the orthogonal projection onto ui, and suppose 
G is a self-adjoint operator such that the products GP, G^P, HG^P, H^GP, 
and GILGP are defined. Then the fundamental gap T := T{H) satisfies 

T{ui,[G,[H,G]]ui) <2\\[H,G]uif. (1.7) 

Remark This is actually a special case of Theorem 2.1 of jl5| . A simplified 
proof is presented here for convenience. 

Proof. The assumptions on the products justify formulae (|1.3I) - (|1.6|) . With 
k = j = 1, the inequality is thus equivalent to 

{Gui I {H - Ai) (As - Ai) Gui) < (^Gui \ {H - XifGui) , 

which follows from the spectral functional calculus (e.g., see jZUHll^)) since 
for G aiH), (/i - Ai)) (A2 - Ai)) < (^ - Ai))^ q.e.d. 

Whereas identities H1.3|) - H1.6|) and Lemma 11.11 are general facts about 
operator algebra, if is a differential operator, then its commutators satisfy 
further algebraic relations. For instance, if H = —A is a Laplace operator 
on a Euclidean set 0, then with the choice G = Xk- 

V 

5^[/7,Xfc]*[/7,x,,] =4ii-, (1.8) 
fc=i 

and 

[xfc,[F,Xfc]] =2, (1.9) 

which is a version of canonical commutation. These identities are funda- 
mental for the subject of universal bounds on eigenvalues (for which see 
0). 

It is argued in Sections 2 and 3 that from an algebraic point of view, the 
operator on a closed manifold most closely analogous to the flat Laplacian 
is not the Laplace-Beltrami operator, but rather 

Hg:=-A + gh'^ (1.10) 

with the specific value g = j. 
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2 Upper bounds on the fundamental gap when M 
is a curve 

In this section, suppose that M is a smooth plane or space curve of finite 
length. If s denotes the arc length, then Schrodinger operators have the 
form ^ 

H = -^ + V{s). (2.1) 
ds 

Assuming V is bounded and measurable, H is a self-adjoint operator defined 
using the Friedrichs extension from C^{M). The form domain is thereby 
Wq{M), which for a closed curve coincides with W^{M); otherwise Dirichlet 
boundary conditions apply at the end points. (For standard technical facts 
about the domains of definition of Sturm-Liouville operators the reader is 
referred to pTlOH].') 

Let G = Xm, the restriction to M of a Euclidean coordinate Xm in the 
ambient flat space, and calculate the first and second commutators with H, 
recalling the classical Serret-Frenet equations: 



[H,X„ 



d'^Xm, ^ dX„i d 



ds' 



ds ds 



d_ 

ds 



and 



[Xm [H, Xn 



There follows: 



Proposition 2.1 Let M be a smooth curve in 
as in (|2?T|) and ip G W^{M), 



E 

m=l 



\H, Xri 




dip 



ds 




(2.2) 
(2.3) 

2 or 3. Then for H 
(2.4) 



Remark The assumptions on the curve can be relaxed, providing that the 
curvature and unit normal vector exist a.e. and are square-integrable. Like- 
wise, potentials can be allowed to have certain singularities, as long as the 
domain of self-adjointness remains the same. (For conditions guaranteeing 
this, see i^, 22, 23^.) 

Proof. By closure it may be assumed that £ C^{M). Apply 1)2. 2() to 
and square the result, to obtain 



^ tt 



dipY 
ds / 



1 2 2 2 1 
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When the sum is taken on on m the last term drops out because t and n 
are orthogonal. Integration then produces Eq. (|2.4|) . q.e.d. 

For ip sufficiently regular, the right side of 1)2.4(1 equals the one-dimensional 
version of 

Consequently, Proposition 12.11 implies universal spectral bounds for opera- 
tors of the form Hg: 

Corollary 2.2 Let M be as in Proposition 12.11 and suppose that H is a 
Schrddinger Hamiltonian with V{s) bounded and measurable. Then 

Furthermore, if H is of the form 

2 

Hg := -— 2 , 

then 

r < max ^4, Ai. (2.6) 

Equivalently, the universal ratio bound 

A2 , /_ . 1 



< max I 5, 1 + 
Ai V 

holds. This bound is sharp for Q < g <\. 

Remark In case g' < 0, somewhat less simple-looking bounds on the gap 
in lieu of ()2.6|) follow easily from (|2.5|) . 

Proof. To establish p.5|) . make the choice G = Xm in Lemma 1 1.11 and use 
to rewrite the left side of Lemma ITTl With (fTl)) . 

Because Ylm^'m = 1) by dividing by 2 we arrive at (|2.5() . Since 
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simple algebra yields ()2.6|) and the equivalent ratio bound. To see that the 
latter bound is sharp for g < \, consider the case of the circle, for which the 
eigenvalues are explicitly known, and: 

A2 ^ 47r^(l + g) ^ 1 
Ai Air'^g g' 

q.e.d. 

3 Bounds on the fundamental gap when M is a 
hyp ersur face 

This section treats the case where M is a compact d-dimensional manifold 
smoothly immersed in The results are precisely as in Section 2. 

Theorem 3.1 Let H be a Schrddinger operator on M with a bounded po- 
tential, i.e., 

H = -A + V, (3.1) 

where V is a bounded, measurable, real-valued function on M . If AI has 
a boundary, Dirichlet conditions are imposed (in the weak sense that H is 
defined as the Friedrichs extension from C^{M)). Then 

TiH) < i / (4| Vimip + h^ul) dVol 

= K""("^*t)'")- 

Remark The assumption of boundedness of V can be considerably re- 
laxed, as long as the form domain of H remains the Sobolev space Wg^(M). 
Conditions for this can be found in ^ [221 ■ 

Proof. Let {xm,m = 0, . . . , d} be a fixed Cartesian coordinate system for 
M'^"^'^, and denote by e^ the corresponding unit vectors. Ambient coordi- 
nates are introduced because they will be convenient for some calculations. 
The notation {X^} will be used for the functions M — > M obtained by re- 
stricting Xm to M. Let V|| denote the tangential gradient, which can be 
written in terms of the ambient gradient by projecting away the component 
along n: 

V|| = V - n n - V. 
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Here, n denotes the outward normal to M. Note that the vector position 
on M, i.e., X := Ylm=o-^^^^ independent of the ambient coordinate 
system, and that V|| is independent of the local coordinates on M. Also, 
in an ambient coordinate system the Laplace-Beltrami operator A can be 
identified with V^. 

The commutator formula (|1.7|) using G = Xm states 

(A2 - Ai) (ni, [X^, [H, X^]] ui) < 2|| [H, X^] m f. 

A simplification can be achieved after summing on m, and noting that 
since the potential in H commutes with X^, H may be replaced in the 
commutators by —A: 



(A2 - Ai) (^1' [^-' [-A,Xm]]ui) < 2 ll[-A,X„] uif. (3.3) 



m=0 



m=Q 



It will now be shown that the left side of ()3.3() is 2dT. The first step is 

d 

to realize that Yl i^m, [—^iXm]] is independent of the orientation of the 

m=0 

ambient Cartesian system, because with the orthogonality of {6^} a short 
calculation shows that it is equal to the invariant expression X • [(—A) , X] — 
[(-A),X].X. 

This allows the left side of 1)3. 3() to be calculated locally in a conveniently 
oriented ambient Cartesian system: At any point of M, choose the orienta- 



tion so that n = eo, in which case 



2g^ — h (scalar function). 



m 



1, 



, d, while 



-V'Xn 



is a scalar function. Consequently, 



a a 

[Xm, [—^,Xm]] = Y^ ^^m, 



m=Q 



m=0 



2d. 



By integrating, the left side of (|3.3() is therefore 2d{X2 — Ai) = 2dT. 

To facilitate the calculation of the right side of 1)3. 3() , define an operator 
P mapping the domain of H to M'^"'"^ (g) L^{M) via 

^= E ^™ [-^' ^rn]f=l [A, X] /. 

m=0 

Observe now that due to the orthonormality of {6^}, the right side of 1)3. 3|) 
is 



4||Pui| 



Md+i(g)L2{M) • 
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The Laplace-Beltrami operator can be conveniently expressed in local Rie- 
mann normal coordinates on M, in which it is arranged that at a chosen 
point p € M, A = Yl'j=i where {sj} measure arc length along the lines 
of curvature passing through p. Thus, at p, 



so 



d 




^ , dXdui 1 a^x 



dui 



± -Kjuui . (3.5) 



The second line of ()3.5() uses the Serret-Frenet equations, according to 
which tj is a unit tangent vector parallel to the line of curvature parametrized 
by Sj, and Kj is the associated principal curvature. In other words, {tj} are 
the normalized eigenvectors of the shape operator. The varying sign enters 
because here n is by convention outward, whereas the normal defined by the 
Serret-Prenet equations may be outward or inward. Where the latter is not 
defined, its coefficient is 0, and it drops out. 

Since {n, t-, } is an orthonormal system, at the point p. 

This formula is equal to the coordinate-independent expression 

|V||ni|V— n?, (3.6) 

which can now be integrated over M. When ()3.6|) is used in the right side 
of (|3.3|) . which is then divided by 2d, the result is 



(A2 - Ai) < ^ 
a 



j + ^u\^ dVol. 



This is equivalent to (|3.2j) . q.e.d. 
An immediate consequence of Theorem I3.1l bv partial integration is: 
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Corollary 3.2 Let H be as in and define 6 := supjv/ y\ — Vj . Then 

A further corollary is an isoperimetric spectral theorem for operators of 
the form Hg from (|1.1U() : 

Corollary 3.3 Let Hg be defined on M , a d- dimensional manifold smoothly 
immersed in M'^+^. Then for < g < j, the eigenvalues satisfy 



d 

with 



- Ai < 1^ , (3.7) 



a = max I 1, — ) . (3-8) 



4<? 



For the ratio, these bounds read 



\2 ^ l + gd , . ^ , 1 

T- < 1— , /or < 5 < - 

Ai gd 4 

and 

A2 ^ 4 + d 1 

— < , for q > —. 

The bounds (|3.7() are optimal for g < \. 
Proof UH = Hg, then 

J (^|V||Ui|^ + gh^uf^ dVol = {ui,HgUi) = Ai, 

a multiple of which majorizes the right side of (|c{.2j) : When g < j, this is 
immediate. Otherwise first multiply |V||Uip by ^ > 1. The result is (|3.7|) . 

Optimality is established for g < j by the example of the sphere S'^, for 
which, after normalizing the scale so that S"^ embeds in W^^^ as the unit 
sphere, 

Ai = gd^ , A2 = gd'^ + d 

HOI. Thus 

d = A2 - Ai < f ^] = d. 



gd 

q.e.d. 
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4 Sum rules for eigenvalues 

In jl6j universal estimates for Laplacians and Schrodinger operators were 
obtained by deriving sum rules with commutator relations, and appropri- 
ately modified versions of these apply to operators of the type P-lf) . This 
section follows that article closely, but with the purpose of displaying the 
effect of mean curvature. The results will subsume those of Section 3 and 
give information about the spectrum above the first two eigenvalues. 

For H as in (|3.1|) the calculations leading to (|3.5j) and (|3.6j) established 
the operator identities 

and for a dense set of functions (p, 

WPiff = {^,H,/^ip). (4.2) 

Thus P plays the role of a momentum operator, with which there is a version 
of canonical commutation (cf. (|1.9|) ) as follows. Defining a variant commuta- 
tor bracket for operators L'^{M) M'^+i®L2(M) by [A; B] := A-B-B-A, a 
calculation shows that [P; X^efc] = Yl'j=i'^j ' ^"g^^'' = 1 (identity operator), 
and by averaging on k, 

l = i[P;X]. (4.3) 

This is a coordinate-independent formula. 

A sum rule for H, analogous to that of _16j reads as follows: 

Proposition 4.1 Let H be as in 1)3. If) , with eigenvalues {A^} and normal- 
ized eigenf unctions {u^}. Then 

1 = 1 V l^''^'^''^'^'' (44) 
d ^ Xk-Xj ' 

Furthermore, if f is any function summahle on the spectrum cr(H), then 
j j,k 
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Proof. From the commutator gap formula (|1.2|) . with G = X, 

-2 {uj,Puk) = {Xj - Xk) {uj,Xuk) , 

so for Xj 7^ Afc, 

(«„X«,) = -2%^. (4.6) 

Aj — Ak 

Meanwhile, from (|4.3|) and the completeness of the orthonormal set of real- 
valued eigenfunctions {u^}, it follows that 

1 2 
1 = {uj,Uj) = -{uj,[P;X\uj) = -{uj,P-X.Uj) 

2 V - 

= -^Z^{uj,'Puk) • (ufc,Xuj). 

k 

Substitution from H4.6|) yields H4.4() . Observe that there is no sum on j in 
()4.4I) ; it is true for all j. To derive the identity H4.5|) from ()4.4I) , sum on j to 

obtain 

and then symmetrize in the indices j and k. q.e.d. 

Because (|4.4|) and (|4.5|) are identical in form to the sum rules derived in 
jl6j . the corollaries in that article can be carried over directly. Accordingly, 
the proofs of their analogues will be given in outline only. For operators Hg, 

the constant a in Eq. (10) of |E| is o" = max ^1, as in (|3.8() . Corollary 3 

of is a kind of Hile-Protter inequality ^Hl- Its analogue is as follows: 

Corollary 4.2 Let H be as in (|3.1j) and 5 := sup^ — as in Corol- 
lary EUl Then for each n = 1,2, . . . , such that Xn+i ^ A„, 

dn ^ A„+i - Xj 

Suppose that Hg is as in (II.IUI) with M as in Section 3 and g > 0. If 
Xn+i / K, then 

4(7 V— \ A, / . N 

o"- A„+i - Aj 
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Proof. Sum (|4.4() on j from 1 to n. Since by symmetry, 



\{uk,'Puj)\ ^ 

j,K<.n 



2 



this produces 



4 ^ \{uk,Vuj)\ 
n = ^ 



2 



E 



so 



Afc — Xj 

k>n+l 



n . oo n IIP ||2 



Inequality (|4.7I) follows by substituting from (|4.2() and using the elementary 
fact that 

Hi/i = H + — - V < H + 6 (4.9) 

in the sense of quadratic forms. 

For the universal inequality (|4.8() . we instead use the fact that g' > g 
implies Hgi > Hg and, for g < ^, that -ffi/4 < j^Hg, again in the sense of 
quadratic forms. q.e.d. 

Theorem 5 of |16j is a "Yang- type" inequality j24j . which in the context 
of this article reads: 



Corollary 4.3 Let H be as in (|3.1|) . wzt/i M a compact, smooth submani- 
fold. For z such that Xn < z < Xn + 1, 

n A 

Y,{z-x,f<-j2{z-x,wu,r 

4 " 

Proof. This results from multiplying ()4.4() by {z — Xj)^ and summing on j 
from 1 to n. The sum on k from 1 to n can be dropped because the summand 

is antisymmetric under exchange of j and k. For Xk > z, ^Xk-x- — ~ ^j) ^ 
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whence 




z 



oo 



i=i i=i 



fc=n+l 



< 

nd 




z 




by Bessel's inequality. The final inequality follows with H4.9() 



q.e.d. 



Since Corollary 14.31 states that a certain quadratic function of z is nega- 
tive when A„ < z < An + 1, it implies that each spectral gap can be bounded 
by an explicit expression in terms of the distribution of lower eigenvalues. 
Define 



Then each eigenvalue gap of a generic H is bounded by a complicated, 
explicit expression where the mean curvature enters through 5, whereas 
the eigenvalue gaps of operators of the form Hg are bounded by a simpler 
universal expression: 

Corollary 4.4 a) Let H be as (|.S.1|) . with M a compact, smooth subman- 
ifold. Then 




k=l 



and 




k=l 



[A„,A„+i]c 1 + - A, 




with 




dn + 2V— 2 



Xn + {dn — d + 2) 6Xn — d 




b) For Hg, < g, of the form, on a smooth, compact submanifold 

M, 
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with 

This bound is sharp for every non-zero eigenvalue gap of Hi on the 

4 

sphere. 

Proof. It is only necessary to calculate the roots of the quadratic expression 
from the preceding Corollary, 

n /I 

and to substitute from (|4.2() . (Cf. ^Hl) Proposition 6; the bound b) is in fact 
identical in form to the one in that article.) 

An explicit calculation shows that the bound is sharp for the non-zero 
eigenvalue gaps of the sphere, for which all the eigenvalues are known and 
elementary [20 j For simplicity, assume that d = 2,g = j, and that M is the 
sphere of radius 1 embedded in M^. Then h = 2,a = 1, and: 

Ai = 1; A2 = A3 = A4 = 3; . . . ; A(^_-^)2^-^ = • • • = A^2 = - m + 1. 

For n = m'^, the calculation shows that A„ = and A^ = B^+^d:!, Hence 
Dn = n, and b) informs us that 

2X^2 — m = — m + 1 < A„2 = rm? — m + 1 

< A„2+i = vn? + m + 1 < 2A„j2 + m = + 

and thus Am2 equals the lower bound 2Am2 — m and X^n^j^i equals the upper 
bound 2A^2 + m. 

q.e.d. 

Finally, consider the partition function for if, 

Z{t) := tr(exp(-ti?)). 

If the function / of Proposition 4.1 is chosen as f{x) := exp(— tx), then 
(after a short calculation exactly as for Eq. (15) of 16 ): 

^(*) ^ (f ) E(«^P(-*^^)))I|P"^H'' (4.10) 
which implies the following bounds: 
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Corollary 4.5 a) Let H be as in with M a compact, smooth sub- 

manifold. Then 1 2 exp {—6t) Z{t) is a nonincreasing function; 

b) For Hg be of the form ()1.1U|) on a smooth, compact submanifold M , 

_d_ 

t2<^Z{t) is a nonincreasing function. 
Proof. For general H, the right side of (|4.1U() is majorized by 

(f) j:A,exp(-tA,)+(^) Z{t). 

Hence 

and when multiplied by the integrating factor i 2 exp {—St) the left side be- 
comes a positive multiple of the derivative of t^ exp {—St) Z{t). 

Statement b) follows similarly, after majorizing the right side of (|4.1U|) 
with 

(^)^{ew{-tX,)))X,. 

j 

q.e.d. 
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